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Starting with the relation between two kinds of neutrino field operators corresponding to definite 
flavor and mass states, we investigate if the usual evolution relations for neutrino oscillation in matter 
can be consistently derived, in the case of high energy neutrinos. A negative answer is obtained 
contrary to an earlier result [P. D. Mannheim, Phys. Rev. D 37 (f988) i935]. The reason for such 
a difference relies essentially on the Bogolyubov transformation between two kinds of momentum- 
helicity creation- and annihilation-operators with definite flavors and masses, which was not taken 
into account in previous treatments. 



I. INTRODUCTION 

In view of the great phenomenological and theoretical relevance of neutrino mixing and oscillations, much effort has 
been recently devoted to a full quantum field theoretical analysis of this phenomenon both in vacuum as well as in 
matter [1-14]. Among the various approaches which have been developed, the one proposed by Blasone and Vitiello 
[4] (hereafter, referred to BV) is based on two kinds of Hilbert spaces, i.e. the flavor- and the mass-Hilbert spaces, and 
related considerations in the case of vacuum oscillations have been published in Refs. [4-7,9-11]. In these references it 
has been pointed out that non-standard oscillation terms due to the non-trivial nature of the mixing transformations 
do indeed appear in the full oscillation formula obtained in quantum field theory. 

The aim of the present work is to develop field-theoretical considerations concerning neutrino oscillations in matter 
along the line of BV [4] and the one developed by Fujii, Habe and Yabuki [5]. We examine this task by assuming 
the static medium and the extreme-relativistic case which are to be defined exactly in Sec. II. In this respect, it is 
useful to remember that, when we want to define a flavor neutrino state with definite momentum and helicity, there 
appear arbitrary mass parameters n\'s [5,6,10], so that we cannot estimate the magnitude of /za's in comparison with 
the neutrino momentum. Mannheim has investigated the same problem in the paper [1] published in somewhat early 
stagC"'^: his conclusion is that the standard Mikheyev-Smirnov-Wolfcnstein (MSW) formalism [15] is derived. However, 
after the considerations developed in the following, we obtain a negative conclusion against that of Mannheim [1]. The 
essential point is that, in quantities related to the evolution relation of flavor neutrino states, Mannheim dropped the 
effect coming from Bogolyubov transformation between the two kinds of creation- and annihilation-operators (with 
definite momentum and helicity) corresponding to the flavor- and the mass-eigenstates. We discuss this point in detail 
in this paper. 

In the following we consider the problem in the 2-flavor case for simplicity, although the above conclusion will be 
seen to hold true also in the many flavor case. 



II. PRELIMINARIES 



A. General framework 



We investigate the neutrino oscillation in matter on the basis of the electro- weak unifled theory, in which the known 
neutrinos participate in the weak interaction of V-A type, mediated by W^- and Z'^-bosons. For low niomentum- 



^ When one of the present authors (K.F.) reported the main part of the present work at International Workshop on the Quantum 
Field Theory of Particle Mixing and Oscillations, 13-15 June 2002, Vietri sul Mare (Salerno), Dr. C.Y. Cardall called attention 
to Mannheim's work. 
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transfers, <SC m^,m'^, the effective interaction Lagrangian is 



■eff 
''weak 



G 



- --^\{VeV"e){eVaVe) + (^^^a ) H 

+ ^(X] ^p'""^p) (-evac + 4sin^ Owejae) H | 

p 

Gp ( K 

= --^^PeV^i^eii^ - -|^)ewae + 2k„ sin^ 6*^6706) 
+ ^{^pV°'^p)i^oj{-\e.Vae + 2sin^ Owe^ae) H |, 



(2.1) 



where = 7^(1 + 75) with 7 = —py ® cr, 7" 

KnjTTlz /l^w — 1/cOS^y;, (^l^uu^exp 

notations below, see Refs. [5,10].) 

For neutrino propagation in matter, we define 



Px (^1,75 = —pz / in the Kramers representation [16,5,10]; 



1;Gf ~ 1.027 X 10 ^/mp. Hereafter we take = 1. (As to the details of the 

t€ 

n^^\x)a = i{e{x)vae{x))matt ~ i{eix)-fae{x))matt, (2.2) 



which plays the role of an external field. Under the adiabatic approximation, (n^'^^(x)c() may be regarded as x- 
independent over a wide range. With the aim of presenting the logical structure of the problem as simply as possible, 
we assume («('■' (.t)^) to be x-independent in the same way as Mannheim [1]. We define the time-like 4-vector 
{ua) = {u^iuo) with u°'ua = —1 such that it reduces to (0, i) in the rest frame of medium; thus, we can write 
{n^''\x)a) — {n(^e)Ua) which reduces to (0, m(e)) in the rest frame of medium. 
By noting that 



1 + 7 5 

2i 



= n, 



(e) 1 



au + UqI 







and by defining 



61 = \/2GFn(e) , bo = -/2GFn(e) (2 sin^ 9^ - ^) 



(2.3) 



(2.4) 



the effective Lagrangian related with the present consideration for the 2-fiavor case in expressed as 



L^ffix) = - ( i>e{x) Mx) ) 



I niee N 

rriee 
V m^e 




















N' 








bo /iPh/i 



Ve{x) 



+ Lint{x) 



+ Lintix) 



'(.t) + Lint{x), 



(2.5) 



where Lint{x) is assumed to include no bilinear term of neutrino fields, and hereafter its contributions are neglected; 
A'' and N' are defined by 



N = (bo + bi){au + uqI) , N' = boi(Tu + uoI)■ 



{2.6) 



The mass matrix M° in the 2-flavor case can be taken with no loss of generality, as men ~ i^ne,'mni^ > mee > 0; 
then, the eigenvalues, mi and rn2. 



iriee + m, 



fin 



rrifi^ - rUe 



+ 



satisfy 



mi > for ^rrieem^^ > |me^|, 
mi < for ^meem^^ < |me^|. 



(2.7) 



(2.8) 
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Prom the mixing relation of the " mass-eigenfield" Uj{xys 

yp{x)=Y.Z%'u,{x) with ZV2 = [^V2] 



(2.9) 



satisfying Z'^/'^'^ Z'^/'^ = I as well as 



^i/2t^o^i/2 ^ ^^^^^ ^ 1^ rn. 



nil 

1712 



we can take 



with 



COS 6 sin0 \ / 1^1(0;) 
— sin^ cos^ J \v2{x) 



tan0 



2m, 



ep. 



[-{m^ij. - rriee) + J {m^^ - nieeY + ]. 



For later convenience we write the relations among rUpaS, rn^'s and 0; 



me. 



m 



cos^ 9 SVC? ( 
sin^ 9 cos^ I 



nil 
m2 



TOeju = {1712 — mi) sin 6 COS 6 , tan(2^) 



2m, 



efj, 



(2.10) 
(2.11) 
(2.12) 

(2.13) 
(2.14) 



Employing the above relations, we can write LJp^*{x) given by (2.5) in terms of the mass-basis operators; 
L^f *(a;) = - ( vi{x) V2{x) 



f mi B G 
mi 
G m2 B' 
V m2 



Vi{x) 



_ Tmatt( \ 
— ^{M) W) 

where 2x2 matrices B, B' and G are defined by 



B G 

G B' 1 = ® {'^u + uqI) 



with Kii = 60 + 61 cos^ 6 , K12 = K,2i = bi cos 6 sin 6 and k;22 = 60 + 61 sin 6. 



(2.15) 



(2.16) 



B. Effective Hamiltonian and eigenvalue equation 



The effective Hamiltonian obtained from I/^"(x), (2.15), is 



HrM)'{x) = ■■ ( Mx) Mx) ) 



7V ■ 



f mi B G 

TOi 

G m.2 B' 

V m2 



ui{x) 

1^2{x) 



= : ( pI{x) 4{x) 
We expand the vjix) fields {j = 1, 2) as 



/ 


—iaV mi 









mi iaV + B 





G 







-iaV 




v 


G 


m2 


iaV + B' J 



iyi{x) 

V2{x) 



(2.17) 
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kr 

= E {aj{kr-,x'')uj{kr)+(i]{-kr;x°)vj{-kr)e'^'^} ; (2.18) 

kr 

here, {kr) and iij (fcr) are the momentum-hehcity eigenfunctions satisfying 

{i + mj)uj{kr) = , {—i ]k + mj)vj{kr) = with ko = ^k^ +m'j = ojj{k), (2-19) 

/3(-fcr;a;°) = /3(-fc,fco,r;a;°), v(-fcr) = fco,r). (2.20) 

By employing the concrete forms of Uj{kr) and Vj{—kr) given in Appendix A, we can express the Hamiltonian 

nr^fix')^ I d^xHl}Sf{x), (2.21) 

in terms of the expansion-coefficient operators in (2.18). (See Table I as well as Eqs.(A9) and (AlO) in Appendix A.) 
We obtain 

WrMr(^°)=EE^^^(^)("](^^H(^^)-/3.(-^^)/3](-H):+/ d?xY,^jr-^]{.x)(l \vi{x): (2.22) 

This shows that, due to the non-static('u ^ 0) contribution, HJ^"(x°) is not separable into two parts, corresponding 
to helicity r =t or J,, since the last integral part of (2.22) is equal to 

E«ji : / <l^x{uov]{x)PLyi{x) + u]{x){au)PLi^i{x)) : . (2.23) 

In the static-medium approximation, i.e. (w, uq) (0, 1), 7i^**(x") is separable into two parts; in the two-flavor case 
we are lead to consider the 4x4 matrices H'^^*{k t) and H^^*{k |) as given below. 
From Eq.(2.22), we obtain the Hamiltonian in the static- medium case 

n^Mfix')UtaUc = Y^H^^f{kr;x"), (2.24) 

fe,r 

n^^fikr; x") = : ( aL(fcr; x«) (i^i-kr; x«) ) Hl^^f{kr) ^l^fXrfx^) ) ^ ^2.25) 



with 



(Wl+KllSlSl K12S1S2 IKiiSiCi mi2.SiC2 

K12S2SI OJ2 + K22S2S2 iKi2S2Ci iK22S2C2 | ^2 26) 

-miicisi -mi2CiS2 -wi + kuCiCi K12C1C2 v • ; 

— iKi2C2Si —iK22C2S2 K12C2C1 —UJ2 + K22C2C2 

/ Wl + KllCiCi K12C1C2 — iKiiCiSi —iKi2CiS2 \ 

tfu I \ _ 

(M) 



K12C2C1 0^2 + K22C2C2 —iKi2C28i —iK22C2S2 

IKllSlCl lKl2SlC2 — Wl -I- KllSlSi K12S1S2 

\ iKi2S2Ci iK22S2C2 K12S2S1 — ^2 + K22S2S2 / 



(2.27) 



Here we use the notation (in the two-flavor case) 



Cj = cos(xj/2) , Sj = sin(xj/2), cotx^- = |fc|/mj-. 
The equations determining the energy eigenvalues are 
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det[Jf(-"«(fcr)]=0, r=T,i. (2.29) 
The concrete forms of LHS of (2.29) are given by 

Tmatt 

Hm) 



det[HJ^**{k T) - A] = (A^ - u;'^){X^ - ujI) - (A - k){Kn{X^ - w|) + «;22(A^ - w?)} + (A - k)^ detK, (2.30) 



det[//(™°)"(fc i) - A] = (A2 - )(A2 - wi) - (A + fc){Kii(A2 - wf) + K22{X'' - )} + (A + kf det k. (2.31) 

Hereafter we write |A;| simply as k when there is no fear of confusion. 

The relation of the eigenvalues obtained from Eq.(2.29) with the poles of flavor neutrino propagators will be examined 
in Sec. III. Here we discuss the relation of Eq.(2.29) with the eigenvalue equation obtained by Mannheim [1], i.e. 
Eq.(2.16) in his paper: 

£;4 _ E^V - E^{2k^ + Vk + m\ + ml) + EV{k^ + m\ sin^ B^m\ cos^ (9) 

+ 0)^0)^ + Vk{k^ + m\ sin^ d + m\ cos^ 6*) = 0; (2.32) 

V = •\/2G'F»^(e) = ^1 ill our notation. In (2.32) the neutral current contribution is subtracted from H^^*{k |) as a 
common term, so that in our case we have to take 

/ cos^e cos 6* sin 61 \ , , 

K — *■ oi a ■ a • 2 /) , det K — !■ 0. (2.33) 
y cos sm sm J 

Then, we obtain from (2.31) 

det[H(™^)"(fc i) A] — > {E^ - ujI){E^ - w|) - {E + k)V{E^ - k^ - mj sin^ - ml cos^ 9), (2.34) 

which coincides with LHS of (2.32). 

In Ref. [1], Mannheim pointed out that, in the limit of high energies and weak potentials, the standard MSW 
formalism for neutrino oscillations in matter [15] is derived on the basis of the field theory. It seems necessary, 
however, for us to reexamine this conclusion in detail because of the following reasons. 

Hereafter we use the terminology "extreme-relativistic case" to denote the limit of higher neutrino-energies and weak 
potentials, i.e. 

> {m|'s, A = 2kbi, Aq = 2kbo}. (2.35) 
Since the mass eigenvalues are obtained by taking ~ A; + -2^^ , we use 

2 

TO- Too 

If we simply take the super-relativistic limit 

Sj^O Vj, (2.37) 



then Eq.(2.27) reduces to 








which is separable with respect to a(M)(fc and /3j^j^^{k i;x^), and leads to the usually employed Hamiltonian 

appearing in Schrodinger equation for one-particle states of two-flavor neutrinos. (See Eq.(2.23) in Ref. [1] and the 
next subsection.) The eigenvalue equation for (2.38) is given by 

det[iJ('^)"(fc i)|e^=i,«.=o - A] = (wi + X){uj2 + A) {(wi - A)(w2 - X) + (wi - A)k22 + (w2 - A)kii + det k} . (2.39) 

The curly bracket part in RHS of (2.39) and the remaining part determine the eigenvalues of positive- and negative- 
energy modes, respectively. If we take 0Jj,j = 1,2 to be k, which is consistent with (2.37), the curly bracket part of 
(2.39) is 
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{• • •} of (2.39) = {k- X){k - A) + (fc - A)(kii + K22) + det k, (2.40) 
leading to the eigenvalues 

1 



+ K22) ± - 1^22^ +4(ki2)^ 



If we write as usual 



we obtain 



^ [2^0 + A±A]. (2.41) 



™2 

A = A:+— , (2.42) 



= Ao + A or Aq, (2.43) 

which are different from the usual ones [1,18] apart from the common factor ^o- 

In order to obtain the mass eigenvalues {m^'s}, we have to examine the "exact" expression (2.31), i.e. 



det 



[H^mik i) - A] = (u;i + X){uj2 + A){(wi - X){u2 - A) 

k + X, ,x k + X, (k + X)^ ,1 

+ —TT '^2 -X)Kn + - A K22 + . 1 XV ^ 'let k . 2.44 

wi+A wo + A iwi + Aiiwo + A) J 



wi + A a;2 + A (wi + A) (a;2 + A) 

When we take, in the approximation of the extreme-relativistic case. 



LOj k+ and X = k+ (2.45) 



we obtain 



1/9 9n / 9 9n / m? \ /cKii rni — TV? ( mo \ fcK22 rn\ fr? 
{•••}-part in (2.44) ~ —^(to? - m2)(mi - m^) + 1 i> " 2 ,/i 2 \ 22 1 



4fc2^ ^ / i 4k^Jk 2k V Ak"^ I k 2k 

2 + m2 \ fc^ det K 



In accordance with the approximation in the extreme-relativistic case, we neglect all terms with higher order than 
{rrij , rfi^ , A, Aq} / k^ in comparison with 1, and correction terms to terms such as (relevant mass)2 and kKij are to be 
dropped. Then (2.46) is consistently expressed as 

{■ ■ -l-part m (2.44) ^ —^{m\ - vn?){ml - m^) + + 

1 / Ao + ^ cos2 Q A sin 6* cos B \ 

\ A^xnQco^Q Aq + A^xx^q)- ^^'^^^ 

It should be noted that, although (2.47) is also obtained from (2.39) by employing (2.45), such a procedure includes 
internal inconsistency. Through detailed considerations we can prove that, when the approximation in the extreme- 
relativistic case is consistently performed, we obtain the (approximate) eigenvalues which coincide with the usual 
ones [1,18]. The detailed derivation is given in Appendix B. However, a serious problem may arise with the energy 
eigenvectors. This will be investigated in Sec. IV. 



C. Further remarks on derivation of the usual relations 



In this subsection we give additional remarks on the implication of the statement that the usual quantum mechanical 
formulas are obtained by performing the replacement (2.37). 

First we note the flavor neutrino field Vp{x\p = e,/i, • • •) is expanded as 
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v,{x) = ^ E x'')up{kr) + Pli-kr; xyp{-kr)} e-''^\ (2.48) 

k,r 

where Up{kr) and Vp{kr) satisfy 

{i /: + l^p)up{kr) = , {-i + Hp)vp{kr) = Q (2.49) 

with an arbitrary /Xp [5,7]; I3p{—kr;x^) and Vp{—kr) are defined in the same way as (2.20). Here we are writing 
expressions and relations for the case of arbitrary flavor number. The relation of 

ae(fcr;,T")\ / pe{-kr;x°) 

(XF{kr;x°)= \ Mkr;x°) \ ^^(.j^^.^O)^ 0i.{-kr;x°) 1 (2.50) 



V 



with cxM{kr;x^) and (3j^^{—kr;x^) is given by 



a.F{kr]x'^) \ yn\( OLM{kr;x^) 



P^,[-kr;x'^))=^^^\pU-kr-y) )' ^^'"''^ 



where the matrix [5,10] is expressed as 

^r(.^ _ ( m \ = ( /C(fc)p, K.{k) 

~ \ iA(fc) P{k) J - \ K{k)pj lC{k) 



P{k) = [P{k)pj] = [zl^Ppjik)] , A(fc) = [z'fXpjik)]. (2.52) 

(As to the definition of ppj and Xpj, sec Appendix A.) 

In the extreme- relativistic case (2.35), wc employ Uj = k + m'j/{2k),Cj = 1 — m|/(8A;^),Sj = mj/{2k); on the 
contrary, it is not appropriate for us to employ 



^ . _ -, (Mp - mjf _ ^ip - mj 



since pp is arbitrary. Notwithstanding this, the direct way for deriving the usually employed quantum-mechanical 
relations is, as already seen partially from the consideration in the preceding subsection B, to take (2.37), i.e. 



1 , s,-^0 Vj (2.54) 

( c\int-\ 

(M) 

Ppj — >1 , \pj — >0 Vp,j; thus K{k) — ^h^Z'^'^. (2.55) 



in HV^^\kr) and also 



In this super-relativistic limit, the neutrino- and the antineutrino-operators decouple as seen from (2.26) and (2.27); 
aM{k I'jX^) and f3]^j{—k i;.^") behave Hke free operators (as far as Lint{x) in (2.5) is neglected). We obtain the 
Hamiltonian for <y.M{k i;x°) expressed by 

H^r(A= i;aM) = aL(fc i; x°)f('^"f(fc i)cxM{k i;x°), (2.56) 

^(MT(fc i) = ( ^ + ^ + y (2.57) 

This Hamiltonian is equal to 

W^""(fc i; ap) = (xUk i, x'')£'^pf{k i)otF{k i; a;°), (2.58) 

E^pf{k i) = Z^/^£l^^f{k i)Zi/2t (2.59) 

_ + Aq ,J_f2A- Am2 cos(20) Am^ sin(26') \ , 

~ 2k 4fc I ATO2sin(20) Am^ cos(2^) i ' ^^'^^^ 
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here = ™i+™2 ^ /^^2 _ ^2 _ gj^g^ left-handed neutrino arc produced through the weak interaction in, e.g., 
center region of the sun, Eq.(2.60) coincide with Hamiltonian employed in the usual quantum mechanical consideration 
(e.g. [18]). 

The eigenvalues of J.) are expressed as 

E,{ki) = k+^ (2.61) 

with the effective masses m^(i) given by 

=rh^ +Aq + ^[A- (+) - Am2 cos(20))2 + (Am2 sin(20))2} (2.62) 
We define [18] the mixing angle and the operators aj{k J,; x^),j = 1, 2, as 

^i/2tf-«(fc i)^V2 = ^ Mk I) ^ ^ (2.63) 

a^fc l-y) = ^^/^ ( {:^oj ) - ^^/W(fc i;a=°) (2.64) 

with 



We obtain 



ZV2= ^o^-^ , (2.65) 

\ — sm fc* cos 9 J 

,{kj;x") = a,(fc i;0)exp(-j^,(A; i;;x"). (2.66) 



- Ato^ sin(20) 

tan 61 = ^ ^ (2.67) 

-A + Am2 cos(26') + ^(A - Am2 cos(26'))2 + (Am2 sin(26l))2 



sin(2^) \ _ 1 / Am2 sin(26') 

cos(26i) J ~ ^[A - Am2 cos(26l))2 + (Am2 sin(26i))2 V ^"^^ cos(26l) - A 



(2.68) 



Eq.(2.62) is known to lead to a level crossing phenomenon of the two-level problem in quantum mechanics [15,20-22]. 
From (2.64) or by integrating Heisenberg equation (without Lint{x)) 

i-^apik Ux"*) = [apik l;x''),H'^pfik Uap)] 

^^V.(^i(n)^^0^J^r/2t,^(,^^,0). (2.69) 

we obtain [18] 

= ^5^f exp(-*^,(fc i){x° - a;?)) • 4f *«.(& l;x°). (2.70) 
When we define the vacuum |0) as 

ap{kl;OM=0 forVfc,p, (2.71) 

and the state 

^p{kUx'>) = {0\ap{kUx'>), (2.72) 
we obtain Schrodinger equation corresponding to (2.69) and its integration 



'ip{ki;x'')=J2^T^^P -^Ej{ki){x°-x°) •4f**,(fci;:r?). (2.73) 
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Then, the transition amplitudes for v„ Vp in matter are 

i; ^° -A) = Y. - ^?)] • 4^'* (2-74) 

and their absolute squares lead to the transition probabilities 

pmatt^^^ ^ i,^) = 1 sin=^(26i)[l - cos(Ai;'"«"L)] = P™''"(z/^ ^ i/e), (2.75) 

pma«(^^ ^ j,^) = ^ j,^) = 1 _ pmatt^^^ ^ (2.76) 

here L = {x^ — x^)/c, the approximate distance that neutrino passes in matter;Ai^'""" = m2(i)^ — "^i(i)^. 
In the same procedure, we obtain Hamiltonian for /3p{—k Tia^*^) given by 

W^t*(^ V,f3F)=f^U-k T;a;0)f(™5" (fc T)/3j.(-fc V,x°), (2.77) 
S^pf'ik t) = Z^/2*£:(";.?)"(A: T)(^'/')^, (2.78) 

where f ('^)"(fc t) is expressed as RHS of (2.57) with -kji substituted for kji; thus £^f\k t) is given by RHS of (2.60) 
with —Aq and —A instead of Aq and A. 

As pointed out in the preceding subsection B and concerning (2.53), the substitutions (2.54) and (2.55) are prob- 
lematic approximations. Section IV will be devoted to examining this problem. 



III. POLES OF FLAVOR-NEUTRINO PROPAGATOR 



We give a remark on the poles of the flavor-neutrino propagator and their relation with the energy eigenvalues 
obtained in Sec. II. B. Those poles correspond to the physical masses of neutrinos [23]. It has been shown in Ref. [5] 
concretely in the two- and three-flavor neutrinos in vacuum that the diagonalization of the pole part in the propagator 
matrix is equivalent to the diagonalization of the mass matrix in Lagrangian in so far as the propagator matrix 
is evaluated by taking into account fully the repetition of the bilinear (mass-type) interaction and dropping other 
interactions. This is, as noted in Ref. [5], independent of the ways separating the bilinear interaction part from the 
free Lagrangian. 

Now we consider the neutrino propagation in matter, where the Lagrangian (2.5) is rewritten as 

L,{x) = -{9, + . "^r.P^V'O (3-2) 



with App = nioo — rho 



The physical masses of neutrinos are obtained as poles of the propagator S'^p{k) of the unrenormalized Heisenberg 
fields i/p(a;)'s; 

S'„p{x -y) = {Q\nu,{x)Dp{ym = ^ / d'ke'^^^-y^ S',p{k). (3.3) 
The Fourier transform S'^p{k) satisfies 

S',p{k) = 5,pSp{k) + S',^{k)ILxp{k)Sp{ky, (3.4) 

A 

here, Ilxp{k) and Sp{k) arc the proper self-energy part and the Fourier transform of the free propagator when the first 
part in RHS of (3.1) is regarded as the free Lagrangian. Then Sp{k) is expressed as 

S.ik) = - ^ :rZ. - (3-5) 



We neglect Lint{x) which is taken not to include any bilinear terms of the flavor neutrino fields, and the repetition of 
Li{x) is fully taken into account; then we obtain (by assuming the x-independence of 6o and hi) 
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_ ( Aee - i{bo + hi) /LPl 



me 



m, 



en 



When we define the matrix [fap{k)] to be 
we obtain from (3.4) 



the concrete form of which is 
[Up{k)] - 

or 



S'ap{k) = [f{k)-\,, 
fap{k) = d„pS„{k)-' - n^pik), 
}i + i{mee - i(&o + &i) M-Pl) 



inie 



im. 



•ep. 



- /k + i{m^^ - ibo ^Pl} I ' 



\[Up{k)] 



( ruee -{ak + ko)+N niep 
ak — ko rriee 



\ 







me 



rupp -{ak + ko)+N' 
ak - ko map / 



(3.6) 

(3.7) 
(3.8) 

(3.9) 
(3.10) 



where N and A''' are defined in (2.6). We see that, as expected, [fcrp{k)] is free from the arbitrariness of separating Lj 

• T matt 

m L^ff . 

In the same way, from Lagrangian (2.15) expressed in terms of the mass-basis operators, we can define S'-i{k) which 
is the Fourier transform of 



S'u{x-y)^{Q\T{v,{x)vi{ym 



(3.11) 



We obtain 



l[ft\k)]^^-:[{S'{k)-^),l] 



( 



mi -{ak + ko) + B G 
ak — ko TOi 

G m2 -{ak + ko) + B' 

\ ak — ko m2 



(3.12) 



here B, B' and G are defined in (2.16). We can confirm concretely the relation between (3.10) and (3.12) 



expected from Vp{x) ~ ^ ■ z"',^^j/j(x). 



cos Q sin Q 
— sin Q cos Q 



(3.13) 



Next we examine the poles of the propagator S'{k), which are given by det[/^p(fc)] = det[/j™^(fc)] = 0. It is useful 
for us to note that, for a matrix ( ^ ^ ^ with square sub-matrices a, b, c and d, we have 



det 



a c 
d b 



a \ f I a-^c 
d I I \ b-da-^c 



(3.14) 



which is equal to \ab — dc\ if [a ^,d\ =0. We obtain 



^Note that 



det 



det 



mi 


ak — ko 






1712 


ak — ko 



-{ak + ko)+B 
G 
mi 




G \ 
-{ak + ko)+B' 


m2 / 



(3.15) 
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det[T/jr^(fc)] = K^K^ + 2KxK2{{KiK22 + K2Kn){ku- kouo) + (detK)[2(fcw - kouof -kl + P]} 

+{kl - P){{KiK22 + K2Knf + 2{KiK22 + K2Kn){detK){ku- fcouo) + (detK)^(fc^ - P)}, (3.16) 

where Kj = Uq — (P + m^) = k^ — u>j. RHS of (3.16) is divided into two parts, one of which vanishes in the static 
medium: 

(3.16) = [KfKl + 2KiK2{-ko{KiK22 + K2K11) + (det K)(/eg + P)} 

+ {kl - P)[{Kin22 + K2Kn f - 2fco(det k){KiK22 + i^2Kii) + (det Kf{k^ - fc2)|j 
+ 2KiK2^iKiK22 + K2K,ii){ku- koUo + ko) + 2{det K)[{ku - kouof - k^] | 
+2{kl — k'^){KiK22 + K2Kn){<iet K){ku — kouo + ko) . 

Thus we have 

Det{k) static = det /I"-' (fc)] static = dei\^ f„p{k)] static 

= \kl - ujl){kl - ul) - {ko - \k\) {(fc2 - ujI)k22 + {Po - ^D'^ii - {ko ' |fc|)(det«)}] 
X [(fc^ - ujl){kl - Ji) - {ko + \k\) {(/Co - w?)k22 + {kl - a;|)Kii - {ko + |fc|)(detK)}] . 
We see that the two parts composing Det{\k\,ko = X)static are equal to (2.30) and (2.31), respectively, i.e. 
Det{\k\,ko = X)static = det[(iJ('^"f (fc T) - A)(i?('^"f (fc i) - A)] 



(3.17) 



(3.18) 



(3.19) 



This is a natural equality in the present approximation of neglecting Lint{x) contribution, since W^**(a;°) in the static 
medium is separated into helicity-up and -down parts like (2.24). 



IV. ENERGY-EIGENVECTORS IN MATTER 



Wc investigate the eigenvectors of _ff^™"**(A: J,) and iJ^™°"(A; |) corresponding to the eigenvalues in the extreme- 
relativistic case obtained in Appendix B. For convenience, wc write these eigenvalues as 



Ea{k l) = k + 



'm(+)a{lf 

2k 



E,+2{ki)^-{k+^^^^^), a =1,2., 
Here we give a concrete form of iI^°**(A; J,)in the flavor basis; this is obtained by utilizing (2.25) and 

H}}f'{k I) = /C(fc)J?(™"f (fc)/C(fc i)t, 

derived from (2.25) and (2.51); 



HJT,''{k i) 



(F) 
( We 



We 



iVCeC 



e^e 



me/i sm 2 



■ k(r. 

} ^ 



^ - iCeSeN 



sm ^^^^^ uj^ + 

_. fc(mee-/^e) ^ j^VSeCg -ITUe^ COS 



inie^ COS 



irrie^ COS 



-We - 



— inien COS 



.k{r. 



+ NSeSe 

Xe+XlJ. 



-ruea sm 



Xe+X/. 



(4.1) 

(4.2) 

(4.3) 



(4.4) 
\ 



"efj, "ii^ 2 



where 



— \Jk'^ + Mp7 — sin(xp/2), Cp = cos(xp/2), cotxp = k/ ^ip, N = bo + bi, N' = bo- Thus wc sec that the 

eigenvectors of H^j^*{k [) do depend generally on a set of arbitrary mass parameters {/Xe,/x^}. We will examine this 
situation. 
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A. general relations 



Let us define a set of the eigenvectors as 

^f(MT(fci)yM -^a(fci)yM, (4-5) 

H];^pf{ki)yf=Ea{ki)yf , a =1,2,3,4; (4.6) 
liere, we take tiiese eigenvectors so as to satisfy the ortho-normahty condition 

vt^^v'-^=5ab, v'-fv^^=5ab, (4.7) 

and to have the relation 

yf=K{k)y'^^\ (4.8) 

By defining the unitary matrices 

TiF){k) ^ ( yf yf yf ) = /C(fc)T(M)(fc), (4.10) 

we have 

/Eiiki) \ 

Tl^){k)H^^f{k i)T(M)(ft) = I ^^^0^ j^^^^^ ^) I ^ Erafik i); (4.11) 

\ Ei{ki)l 

thus, from (2.25), 

a.M{k i;x°) 



-HTj^fik i;x') = ( cxUk l;x°) ^Mi-k l;x^))T^M){k)E^:l\k i)Tt^)(fc) ^/^.^'j. J) ) (4-12) 

Here, for convenience, we redefine H'^^*[k i;x'-') by adding an appropriate c-number so that the normal ordering 
symbol : : is dropped. The above expression is rewritten as 

RHS of (4.12) = ( aUk l;x°) /3^(-A= l;x°) ) T^p){k)E^:l\k i)Tl^^{k) ^TjiVi;!") ) ^ ^^"(^ ^5^°)' (^-IS) 



which is the Hamiltonian in the flavor basis. 

Corresponding to (2.64), we define renewdly the operators (with a = 1,2): 



^I(-M;.«)..r'W'(}^^1^5,); (4.15) 



then we write them as 



aM(fci;.x°) \ t ( ocFik i-x^) \ _ . ( <XM{ki:x^) 



and Hamiltonian (4.12) (or (4.13)) is expressed in terms of aM{k i;x^) and ^^^{—k i;x^) as 

OLMik 



nr^fik i;x°) = H^/)"(fc i;x°) = ( aUk i;x°) ^mI-^ ) ErJJik i) ( ^^^IVi'.l^ol ) " (^.17) 



By noting that 
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Pa{-k i; = e^^»+^('=^)-°^„(-A; i; 0) (4.18) 
we see that (4.17) is time-independent; then we write it as 

n^'^'\k i) = ( dl,(A: i) ~P^{-k i) ) E^lfik i) ( T^^};], ) , (4.19) 



where 



/3m(-M) 



aM(fci) \ / aM(fc i;0) \ 

/9L(-u) i I 3L(-M;o) r ^ ■ ^ 



Now we consider Heisenberg equation 



where 



i?(™f (fc i) = T(p){k)E2f^{k DTl^^ik). (4.22) 



By defining the vacuum |0) as 



and 



aa{kl;x") 
Pa{-ki;x°) 



|0)=0 for VA;,a,a;o (4.23) 



vl/,(fci;x°) = (0|a^(fci;x°), (4.24) 

it may be possible for us, similarly to the explanation in Sec. II. C, to investigate the evolution relations. There will 
appears, however, a certain new aspect different from the simple relation (2.70): Even in the approximation framework 
of the extreme-relativistic case employed for obtaining the energy eigenvalues of H'^^^{k J,), the matrix T(^p^{k) giving 
a sort of evolution relation 

/ aF{ki;x°) \ rr o^Aiik i;x") \ (n q o^f f apik Ux'}) \ 

UU-n;x°)j =^^-)(^)(^/3L(-n;x")j=^ ^'^''^ -"^n/3k-fci;-?)J' ^'-''^ 

W^^\k l;x° - X?) ^ T(^)(fc)$(fc; x" - x"j)T(p^{k), (4.26) 
$(/c; x°) = eMiETagik i)x% (4.27) 

not only depends on the arbitrary mass parameters fix but also has off-diagonal elements connecting aM{k i;x^) to 
p'j^^—k i; x°). In the following subsection we examine such a situation concretely. 



B. Approximate forms of eigenvectors 



By employing (2.27) , Eq.(4.5) for a = 1 case is explicitly written as 



1 

2k 



( m\- m(+)i(i)^ + (Ao + A(?q)cxC\ Acesecyci 

AcgS0C2Ci ml - m(+)i (i)2 + (^o + Asl)c2C2 
i{AQ + Acl)sici iAcosgsiC2 
iAcgseS2Ci i{Ao + As1)s2C2 



-4e 



-i{Ao + Acj)cisi 

-iAcgSgC2Si 

-m(+)i(i)2 + (Ao + Ac^)siSi 

AcgS0S2Si 



—iAceseciS2 

-({Ao + Asl)c2S2 
Ac0SgSiS2 

-4fc2 -ml- m(+)i(i)2 + (^0 + Asl)s2S2 J 



(4.28) 
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In the extreme-relativistic case, we see from the third and the forth equations that 

yffs. y^\ = 0{l/k-) , n>3 (4.29) 

in comparison with 1. Then, from the first and the second equations of (4.28) we obtain, by dropping 0{l/k^)- 
corrections to the masses 



1, Acese mj - m(+)i(i)^ + Ao + Asl)[ ) " (^.30) 



The condition for the matrix on LHS to be consistent with [y^^P + I2/M2P = 1 is its determinant to be equal to 0. 
This condition is seen to be satisfied, because, due to (B12) , the determinant is written as 

ij-Am^ + Acos(26') + ^/{AcoH(20) - Arn^)^ + (.4 sin(20))2| 

xjAm^ - ^cos(26') + ^/{Acos{29) - Am?f + (Asin(26'))2} - {^Asm{2e)f = 0. (4.31) 

As for the vector y\j , we see that, due to the condition with (— ) sign substituted for the sign (+) in front of the 
square root in (4.31), the solution 

2/^4 = , n>3, l2/Sil' + l&l' = l (4-32) 

is obtained. 

As for and possible solutions are seen to exist: for n > 2 

yg3 = (^(fc°) ; V%]iJm\2-0{1/¥^+') ; = 0(l/fc"), (4.33) 

yg3 = 0(fc°) ; ygi,2/g2 = (^(lA"+') ; y% = 0{l/k-). (4.34) 

As a result, under the approximation conditions of the extreme-relativistic case, we are allowed to take the matrix 
form of T(M), defined by (4.9), to be 

y'i\k) -^sin(2^) 

yW(A:) -Am? + Acos(26') + ^(A 008(26*) - Am?f + {Asm{2e)Y ' 
yf\k) _ -Asin(26') 

y(^)(A:) ^ -Am2 + A 008(26*) - s/{Acos{2e) - Am'^f + (y4sin(2^ 
with the unitarity condition t|;i^)t(M) = I- 



(4.37) 



Thus the relation of {aM{k j; a;°), /3j^^(— fc i;a;°)} with {aM{k i;a;°),;9j^(— fc i;a;°)}, given by (4.16), becomes 



'M 

rather simple: 



(XM{k i; x°) = tM{k)aM{k j: ,x"), (4.38) 



/3L(-A:i;a;°) = ;9L(-fci;^°)- (4-39) 
On the other hand, the corresponding relation for {cxf,^f} includes the Bogolyubov transformation: 

1/2 

Under the approximation of the extreme-relativistic case, the off-diagonal submatrix of IC{k), i.e. iA — i[Zpj ^pj{k)] 
can not be set equal to zero, because Xpj{k) = sin((xp — Xj)/2) depends on {/Ua}; in other words, since (2.53) has 
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no logical basis, we are not allowed to take (2.55). Therefore, contrary to Ref. [1], we can not derive the standard 
relations including the oscillation formulas explained in Sec. II. C. 
Finally, we add a remark on Ref. [1]. When we write t(M)(fc) as 

tMik) = ( ) (4.41) 



■ sin tfM cos tfM 



we have from (4.30) (or from (4.36) and (4.37)) 



ml - m^+),(iy + Aq + Acos^ Oe 

tan6'M = ^^-j 5 • (4.42) 

A cos 6* sm y 

This is equal to Eq.(2.25) in Ref. [1] for m\ = TO(+)i(J,)^ and Aq = 0. As noted in Sec. II. C, the usually employed 
relations are derived if we take the super-relativistic limit (2.54) and (2.55). In this limit, K(k) reduces to 

m ( ^0^' ) ; (4.43) 

(4.40) leads to 

ocF{k i; arO) = Z^'HM{k)dcM{k i; a;^) (4.44) 

with 

^ ' \ -sm.(e + 9m) cos{0 + 9m); J 



(4.45) should be equal to (2.65), i.e. 



Z'/'tM{k)={ '""U- (4-46) 



— smc cost 



By employing (4.36)= —1/ tau^?M (or (4.37) = tan^?M) as well as tan 6* given by (2.67), we can confirm the equality 
(4.46) to hold. As to the oscillation formulas, we obtain (2.75) and(2.76); by using (2.68), (2.75) is rewritten as 

pmatt,,^ ^ „ 1 = (Am^sin(2g))^sin^(Ag-"£/2) 

^ ' {A- Am2 cos(20))2 + (Am^ sin(20))2 ' ^ ' 

which is equal to Eq.(2.35) in Ref. [1]. 

It is asserted in Ref. [1] that the standard formalism of neutrino oscillation in matter is derived from the field 
theoretical approach. This assertion, however, is based on the approximation (4.43) which is not allowed when the 
relativistic approximation is consistently performed. 



V. CONCLUSION AND FINAL REMARKS 

We have investigated in detail the connection of the operatorial field mixing relations I'pix) = z^^ '^ji^) with 
the usually employed formulas of neutrino oscillations in matter. To this aim, we first derived the energy-eigenvalue 
equations for the 2-flavor neutrinos in the static medium with the (a;'')-independent electron density. 

We examined the high-energy neutrino case, called the exfTeme-relaiivistic case, defined by (2.35), where all terms 
with higher order than {m^ , A, Aq} / in comparison with 1 are neglected and corrections to terms such as rrij 
and kKji are dropped. After performing consistently this approximation, we obtained the energy eigenvalues which 
coincide with the usual ones obtained in the quantum mechanical approach [18] as well as in the field theoretical one 
by Mannheim [1]. 

As for the evolution relations, however, we obtained a negative result against Mannheim's assertion that the standard 
formalism of the neutrino oscillation is derived in the field theoretical approach. The reason for such a difference has 
been pointed out in Sec.V: while the relation (4.40) in our case, i.e. 

Mk i;x°) = ^{/C(fc),,(t(M)aM(fc i;x°))j+lC{k)pjP]{-k i;x°)] , (5.1) 
j 
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is (consistently) obtained, in Mannheim's case [1] the relation (4.44), i.e. 



i; x") = E zlj{HM)aM{k i; x'>))j, (5.2) 
j 

is utilized. Eq.(5.2) is obtained from (5.1) by performing (2.55) 

Ppj — ^1 > ^« — ^0 . (5.3) 
then the Bogolyubov transformation (2.51) reduces to 

f aF{kr;x°) \ _ f z^/^ \ f cxM{kr;x°) \ 

[/3U-kr;x^))-[ z^^ ) [ pl{-kr;x°) J ^^"^^ 

where the most characteristic feature of the field theory of mixed fields [4-6] has been lost. As already stressed in Sec.V, 
Ppj and Xpj depend on the arbitrary parameters {^x}, and the limit (5.3) has no connection with the approximation 
in the extreme-relativistic case (2.35) with (2.36). 

When the electron density in medium n(e) is taken to be 0, i.e. — > 0, ^ — > 0, various relations in medium reduce 

to those in vacuum. It is worth to remember that, although our considerations have been done for the 2-flavor case, 
the results obtained have qualitatively general features which hold true for the many flavors case both in matter and 
in vacuum. 

Regarding the calculation of neutrino oscillations in quantum field theory, there are several possible approaches 
[2,3,8,13], in which transition amplitudes for a finite time interval or finite distance are calculated on the basis of the 
field theory by treating the neutrinos as particles in intermediate states and without constructing any one-particle 
state with definite flavor. In the line of the considerations developed in the present paper, it seems meaningful for us 
to investigate further the implications of the relation (4.25) . This is a kind of evolution relation corresponding to the 
usual one given by (2.70), and the matrix W''^\k i;x°), corresponding to the usual transition amplitudes (2.74), is 
an extension of W{k;x°) introduced in Ref. [10] in the vacuum case. It has been pointed out [10] that 

W{k,x ) - y (^_^^(fc.^O)) {Wp,{k-,x^)) ) ^^-^^ 

has an intimate connection with the momentum components of the retarded propagators or the anticommutators of 
the flavor neutrino fields as well as with the expectation value of the flavor charges [7] . The combinations 

\ {\{Wp,{k-x^W + |(W^p*(fc;xO))|2 + \{Wp.{k-x°)r + \{Wp^{k;x^W) (5.6) 

are independent of {p\\ for Vp, a, and have properties allowing a probability interpretation. W''^\k |; x") is also seen 
to satisfy the above properties. In a subsequent paper [24] we will investigate a possible field theoretical approach 
to the neutrino oscillation, where possible implications of the matrices W{k;x^) and W^^\k i;x^) to the oscillation 
formula are considered. 
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APPENDIX A: MOMENTUM-HELICITY EIGENFUNCTIONS 

Explicit forms of the momentum-helicity eigenfunctions satisfying 

{i ^ + m)u{kr) = , {-i /k + m)v{kr) = (Al) 
are given in the Kramers representation (7 = —py (S) ct, 7^ = Px I, 75 = 7^7^7^7^ = —p^ /) [16] by 
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where 



u{k T) 



c = cos(x/2) 




, u{k i) = 




v{k T) = 




v{k i) = 




(A2) 



s = sin(x/2) , cotx = \k\/m,kz ~ \k\cos'd 
a = cos(^?/2)e-''^/^ , /? = sin(t?/2)e**/^ 



kx + iky = \k\ sini?e* 



for s = (7 (g) ct)/2 and k = k/\k\, we have 



^ 1 ^ 1 

{sk)u{kr) = ±-u{kr) , {sk)v{—kr) = ±-v{—kr) for r = 



Here, v{—kr) is defined by 

Noting a{—k) = —ij3*,f3{—k) = ia*, we have 

v{-k i) =i 





v{—kr) = v{—k,k^,r). 



, v{-k])=i 



We write the solution of Eq.(Al) with mass m as Uj{kr) and Vj{kr). Then we have 

u*{kr)ui{ks) = v*{~kr)vi{~ks) = Pji{k)5rs, 
u*{kr)vi{-ks) = v*{-kr)ui{ks) = iXji{k)Srs, 

where Pji{k) = cos[(xj — Xi)/^]^ — sin[(xj — Xi)/2] with cotxj = \k\/mj. Further we have 

^{u{kr)u*{kr)+v{-kr)v*{-kr)} = I'^^K 



(A3) 



(A4) 



(A5) 



(A6) 



(A7) 
(A8) 



(7^^) is the 4x4 unit matrix.) 

Utilizing the concrete forms of u{kr) and v{kr), we obtain Table I, where Pl = (1 +75)/2, sj = sin(xj/2),Cj 
cos{x j/ 2), cotXj = \k\/mj. Further, we obtain (by writing 2s = a) 



u]{kr){au)PLUi{kr) = u]{kr)-{{au),{ak)}PLUi{kr) 



{uk)u!j {kr)PLUi {kr) 



(uk) \ ). for r 

1 



+1 
-1 



+1 
-1 



ulik \){au)PLUi{k i) = -u]{k \)[{ak), {au)]PLUi{k i) 



= i{k X u)u]{k ])aPLUi{k i) ^ 0, 
and similar relations for other combinations among the momentum- helicity eigenfunctions. 



(A9) 



(AlO) 



(r, s) 


(T,T) 


a, I) 


(T,i) 


a,T) 


u]{kr)PLUi{ks) 

T-^ 


SjSl 


CjCl 








v]{-kr)PLVi{-ks) 


CjCl 










uUkr)PLVi{-ks) 


isjCi 


—icjSi 








v^-{-kr)PLUi{ks) 


-iCjSi 


iSjCi 









Table I. 
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APPENDIX B: EIGENVALUES OF IN THE EXTREME-RELATIVISTIC CASE 

We examine the eigenvalues of H'^^*{kr), i.e. the solutions of 

det[7?(™f(A:r)-A]=0 , r=T,i. (Bl) 

First we consider H^^*{k J,), because it has a relation with otpik J,; x")-operators of the neutrinos produced through 
the weak V-A interaction; then, from (2.31) (or (3.18)) we examine the equation 

det[Hl^^f{k i) - A] = (A2 -e- m?)(A2 - fc^ - ml) 

- (A + fc) {kii(A2 - fc2 - ml) + K22{>? - fc2 - mf )} + (A + fc)^ det k = 0. (B2) 

Wc search its approximate solutions in the extreme-relativistic case (2.35) by taking into consideration all terms of 
l/A:^-order in comparison with 1. Thus, the lowest order solutions of (B2) are A = ±fc, so that we examine solutions 
in the neighborhoods of k and —k separately, which we call hereafter (+)- and (— )-solutions, respectively. 



1. (+)-solutions 

Eq.(B2) is rewritten as 



det[7J('^"f (fc i) - A] = (A + k)'Fl^^iX) = 0, (B3) 

where 



ml +1712 ^l / "^i^^i Hiiml + K'22Tn{ 



The discriminant -D(+) of -F(_,_)(A), regarded as a quadratic equation with respect to (A — fc), is 



2 



thus, the (+)-solutions satisfy 



D(+) = \^—j^-h^cos{2e)\ +hism.\2e); (B5) 



1 / mf + nio 



With the aim of comparing (B6) with (2.61), wc define 

,^ _ m(+)2(i)' m(+)i(i)" 
^+)+-«- > , (B7) 

here, A(_|_)+ and A(+)_ correspond to the solutions with the signs + and — , respectively, in front of in (B6). 

Then we have 

=,2 



^(-)^^^)' = l + ^J(i)V(4fe^) + + 2 + V^(+)(A(,),)(2/c)^], (B8) 

772^ 1 / 

= l + rn(,),(i)V(4F) + + 2 " ^h^^^M^^^V (B9) 

In accordance with the explanation concerning the approximation given in Sec. II. B, we have the approximate forms 

of D(+)(A(+)±) expressed as 

iP(,)(A(,),)(2fc)^ = ^ l + m,Mi?/m - 

~ {Am^ - ^cos(26')}2 + {Asin(26')}2, (BIO) 
£>(+)(A(+)_)(2fc)2 ~ {Ato^ - Acos(26')}2 + {Asin(26')}2; (Bll) 

thus we have 

( tl+^fiy^ )^^'+^o + l{A+ V{A - Am2 cos(2^))2 + (Am^ sin(2^))2 " J ) }, (B12) 
which coincide with the usually utilized expressions mj(J,)^'s given by (2.62). 
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2. (— )-solutions 



Eq.(B2) is rewritten as 



det[F(-"f(fc i) ^ A] = (A - fc)^i^(^_)(A) = 0, 

i^(_)(A) - (A + fc) |1 +^^_^^^| + (A + fc)| + j ' (A-fc)2' 



Discriminant D 



(-) 



thus, the (— )-solutions satisfy 

1 



mf + 7712 + 1 ^ 4mjm2 f kh + K22 det k 



A-/c 



(A - fc)2 



(A - fc)2 



1 - 



A -A; (A-A:)2 



(A-fc)2 



A-fc 



(A-fc) 



2 "'12 



A(_) + A; = 



2(l-I^)(l-lJ^) 



2to2 (26o + 6i)to2 + 6icos(26')AmV2 



A(_)-/c 



We define 'rhj{i)'^,j = 1,2, as 



A(_)_+fc: 



"^(-)2(i)^ 

2fc 



A(_)+ + fc 



(A(-) - kr 



2k 



In the same approximation as before, we have 



thus, 



^iP(_)(A(_)^)(2fc)2 ^ ^ D(_){-k)(2kY ^ Am^ 



(B13) 
(B14) 



(B15) 
(B16) 

(B17) 

(B18) 
(B19) 



3. remarks 



Similarly to the H'^^*{k |) case, we obtain the approximate eigenvalues of H™j^'^{k "f). Wc use the notations 
and X(-)j{j = 1, 2) for expressing the solutions of det[iJ('^)"(A: T) - 0] = 0. By comparing (2.26) and (2.30) with (2.27) 
and (2.31), respectively, we see the approximate eigenvalues arc given by 



2k 



= -k- 



2k 



(B20) 



where 



^(-)i(T)' 

»«(-)2(T)' 



Ao - -{A + y^{A + Am2 cos(2^))2 + (Am2 sin(2^))2 



-1 



}• 



(B21) 



As seen from the considerations described above in the present section, we obtain in the extre7ne-relativistic case the 
eigenvalues (B12) which coincide with the usually employed ones such as Eq.(2.62). This does not necessarily mean, 
as stressed in Sec. II. C, the validity of the usual relations among eigenvectors given below Eq.(2.62). In Sec. IV, this 
point is examined in detail. 

Notice that an analogous situation is described in Ref . [7] , where the neutrino propagators on the flavor vacuum were 
studied: although they share the same poles of the usual propagators defined on the mass vacuum, they correspond 
to diS^erent boundary conditions and lead to different oscillation amplitudes. 
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